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SECTION - A
Answer ALL questions. (10 x 2 = 20 marks)

=

Define a metric on R and verify that it satisfies the conditions famatric.
2. Let (X ,p) be a metric space . Then show that a sequan¢eannot converge to
two limits.
3. Letp andc be two metrics on X. Then show tipatandc are equivalent it
positive constants and u suchthatAp < o < pup.
4. Let (X ,p) be a metric space . Obtain the open ball wheXE R (i) X = R
and (i) X=F
State any three properties of a linear function.
Define a contraction mapping and show that it isticmous.
Give an example of sequences {}xand {v,} satisfying the relations:
()% =0 (vn) (i)Xn =0(vn) and (iii) %~ .
State D Alemberts ratio test for the convergenca séries of complex terms.
lllustrate that pointwise convergence does not ynypliform convergence of a
sequence of functions.
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10. Showthatlf f(lx)< f,(x);a<x<b,then
jfldg = J-fzdg

SECTION -B

Answer any FIVE questions . ( 5 x 8 =40 marks)

11.Let X = R. Take %, = (3n/(2n+1), Zn/ (rf-=2));
n=12,... Showthat (i) ¥ — (*%,2) ashm> «.
®, — (3/2,2) as > x.
12. Prove the following:
() If G in X is open, then'Gs closed.
(i) If Fin X is closed, Then'ks open.

13 . Let (X p) be any metric space andiaX be fixed.
Defineg: %> R as g(x) =p(a,x); xOX.
Then prove that g is continuous on X.

14. Let ( X ,p) be any metric space and lgt,fi =1,2,..., n be functions from X to
. Define f = (fi, ..., f,): X - R
as f(x) = (f{(x), ..., fn(x) ). Then show that f is continuous at
Xo U X iff fiiscontinuousat x O i=1,2,...,n

15. State and prove Banach’s fixed point theomegarding contraction mapping.




16. Prove that the numbaris the upper limit of { %, } iff given ¢ >0
() Xn < A + ¢ for sufficiently large n.
(i) X, > A - ¢ for infinitely many n.
17. Give examples to show that if lim syp. | u, |*"
converge or diverge.

=1, then the series may

18.1f f:X — R" (XCR"™) s differentiable af U X, then show that fis continuo
atg .
SECTION-C

Answer any TWO questions . (2 x 20 =40 marks)

19.(a) Prove the following:
() The intersection of a finite calteon of open sets is open.
(i) The union of a finite collectiaf closed sets is closed.
(10)
(b) Let X =R, E = R-{(0,0)}, Y = R. Define
g: E5> Rras g(x,y) =%/(X¥+y); (x,y)dE.
Show that Lim ,y)— (0,0)9 (X, Yy ) does not exist. (10)

20. (a) LetV, W be the normed vector spacesf:V — W be a
linear transformation. Then prove tin&t following three
statements are equivalent :

(i) f iscontinuouson V.
(i) There exists a poigtir V at which f is continuous.

Giii) | f00 || 7| x| is bounded forxi v — {0}

(16)
( b ) State any two properties of compact sets. (4)

21. (a) If the series u,, of real / complex valued functions converges
uniformly to s on ( Xp,) and if each y is continuous at c ,
then prove that s is continuous at ¢ (10)
(b) Prove that the series

i(—l) "*1/ (n+x) converges uniformly on [ 6o,) but

that it does not converge absolutelhyafoy x. (10)

22.(a)Let 1 R(g;a,b)anddefine Fon[a,b]as
F(x) %f dg; xu[a,b].

Prove that
(1 ) Fis continuous at every point of contiyuof g.
(i) F is differentiable at a point wheresf i
continuous and g is diéfgtiable. At such a point c,
showthat Fc) = f(c) ¢g(c). (16)
(b)Letf: R" — R" be linear. Show that the function is
differentiable and the lindarivative Df () = f.

(4)
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